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Abstract
In the present note, the Banach contraction principle is proved in
complete modular spaces via an order theoretic approach.
1 Introduction
A modular formulation of Banach contraction principle was given in [6, 3] under
the superfluous assumptions ∆2-condition and s-convexity as follows:
Theorem 1 [6] Let ρ be a function modular satisfying ∆2-condition and G be
a ‖ · ‖ρ-closed subset of Xρ. If T : G→ G is a mapping satisfying
∃ c ∈ [0, 1) : ρ(Tx− Ty) ≤ cρ(x− y) (x, y ∈ G), (1)
and sup
n
ρ(2T nx) <∞ for some x ∈ G, then T has a fixed point.
Theorem 2 [3] Let Xρ be a ρ-complete modular space. Suppose further that ρ
is an s-convex modular satisfying ∆2-condition and has the Fatou property. If
G is ρ-closed in Xρ and T : G→ G is a mapping satisfying
ρ(c(Tx− Ty)) ≤ ksρ(x− y) (x, y ∈ G) (2)
for some c, k ∈ R+ with c > max{1, k}, then T has a fixed point.
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In this note, via an order theoretic approach, the modular version of Banach
contraction principle is proved. The result also answers, in a more general form,
an open question posed in [3].
We commence some basic notions of modular spaces used in theorems above.
For more details, the reader is asked to refer to [8, 9]. Some recent works on
modular spaces may also be found in [5, 7, 10, 11].
Definition 1 A modular on a linear space X is a functional ρ : X → [0,∞]
satisfying the conditions:
1) ρ(x) = 0 if and only if x = 0,
2) ρ(x) = ρ(−x),
3) ρ(αx+ βy) ≤ ρ(x) + ρ(y), for all x, y ∈ X and α, β ≥ 0, α+ β = 1.
Then, the vector subspace
Xρ = {x ∈ X : ρ(αx)→ 0 as α→ 0},
of X is called a modular space. If the condition (3) is replaced by
ρ(ax+ by) ≤ asρ(x) + bsρ(y)
for all x, y ∈ X and all a, b ≥ 0 satisfying as + bs = 1, where s ∈ (0, 1], then the
modular ρ is called an s-convex modular on X .
For every modular space Xρ an F -norm ‖ · ‖ρ can be associated as:
‖x‖ρ = inf{t > 0 : ρ(t
−1x) ≤ t}, (x ∈ Xρ).
Definition 2 Let Xρ be a modular space.
(a) A sequence {xn}
∞
n=1 in modular space Xρ is called
(i) ρ-convergent to x ∈ Xρ if ρ(xn − x)→ 0 as n→∞;
(ii) ρ-Cauchy if ρ(xm − xn)→ 0 as m,n→∞;
(b) Xρ is ρ-complete if every ρ-Cauchy sequence in Xρ is ρ-convergent to a point
of Xρ;
(c) A subset C of Xρ is said to be ρ-closed if it contains the ρ-limit of all its
ρ-convergent sequences;
(d) ρ is said to satisfy the ∆2-condition if for each sequence {xn}
∞
n=1 in Xρ,
ρ(xn)→ 0, as n→∞ implies that ρ(2xn)→ 0, as n→∞;
(e) The modular ρ has the Fatou property if
ρ(x− y) ≤ lim inf
n→∞
ρ(xn − yn),
whenever ρ(xn − x)→ 0 and ρ(yn − y)→ 0 as n→∞.
2
2 Banach Contraction Principle
Theorem 3 Let Xρ be a complete modular space. If ρ has the Fatou property,
T : Xρ → Xρ is a mapping satisfying
∃ c ∈ [0, 1) : ρ(Tx− Ty) ≤ cρ(x− y) (x, y ∈ Xρ), (3)
and sup
n≥1 ρ(2T
nω) <∞, for some ω ∈ Xρ, then T has a fixed point.
Proof . Consider the family τ consisting of all subsets M of Xρ × [0,∞) such
that
∃ (b, β) ∈M , ∀n ∈ N : (T nb, cnβ) ∈ M,
and
∀ (x, α), (y, β) ∈M : ρ(x− y) ≤ |α− β|.
τ is nonempty. In fact, if ω satisfies sup
n≥1 ρ(2T
nω) <∞, then
sup
n≥1
ρ(ω − T nω) <∞,
and we may choose α > 0 such that ρ(ω − T nω) ≤ α − cnα, for each n ≥ 1.
Then, because of the assumption (3) the set consisting of all (T nω, cnα), n ≥ 0
belongs to τ . It is clear, by Zorn’s lemma, that the family τ has a maximal
element P with respect to partial order ⊆ in τ . Define the binary relation  in
the set P by
(x, α)  (y, β) iff ρ(x− y) ≤ α− β,
where x, y ∈ Xρ and α, β ∈ [0,∞). Then, (P ,) is a totally ordered set. We
show that P has a maximum element. If p ∈ P , then there exist xp ∈ Xρ and
αp ∈ [0,∞) such that p = (xp, αp). Note that the net {Λp}p∈P is increasing,
where Λp = (xp, αp). That is,
p  q ⇒ ρ(xp − xq) ≤ αp − αq. (4)
Hence, the net {αp}p∈Γ is decreasing in [0,∞). Replace this net by the sequence
{αn}
∞
n=1 and assume that αn → α0 as n → ∞. The inequality (4) shows that
the corresponding sequence {xn}
∞
n=1 is a ρ-Cauchy sequence in Xρ. Suppose that
{xn}
∞
n=1 is ρ-convergent to x0 ∈ Xρ. Again, from (4) and the Fatou property it
follows that
∀p ∈ P : ρ(xp − x0) ≤ lim inf
m→∞
ρ(xp − xm) ≤ αp − α0.
This implies that (xp, αp)  (x0, α0), for each p ∈ P and therefore (x0, α0) is
the maximum of P , since P is maximal.
Now, let (b, β) be an element of P such that (T nb, cnβ) ∈ P , for each n ∈ N.
Then, (T nb, cnβ)  (x0, α0), for each n ∈ N implies that α0 = 0, and therefore
ρ(T nb − x0) → 0, as n → ∞. This also implies that ρ(T
n+1b − Tx0) → 0, as
n→∞. Hence, Tx0 = x0. 
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Remark. A modular ρ is said to satisfy the ∆2-type condition if there exists α >
0 such that ρ(2x) ≤ αρ(x) for all x ∈ Xρ. The Theorem 3 gets a simpler proof if
ρ satisfies the ∆2-type condition. To see this, let k be the ∆2-type constant of
ρ. Without loss of generality, we may suppose that ck < 1
2
. Otherwise, choose
the integer n such that cnk < 1
2
and then replace T n by T . Let x ∈ Xρ; we
show that {T nx} is a ρ-Cauchy sequence. Let ǫ > 0 be given and
Wǫ = {(x, y) ∈ Xρ ×Xρ : ρ(x− y) < ǫ}.
There exists N ∈ N such that
(T n−1x, T nx) ∈ Wǫ,
for each n > N . Fix n > N . It suffices to show that
(T nx, T n+px) ∈Wǫ, (p ∈ N). (5)
By induction on p, suppose that (5) is valid for some fixed p. Since
(T n−1x, T nx) ∈ Wǫ, (T
nx, T n+px) ∈ Wǫ
we get
ρ(T n−1x− T n+px) ≤ ckρ(T n−1x− T nx) + ckρ(T nx− T n+px) < ǫ.
Therefore,
ρ(T nx− T n+p+1x) ≤ cρ(T n−1x− T n+px) < ǫ.
Hence, {T nx} is a ρ-Cauchy sequence and by ρ-completeness must converge.
Let T nx → y ∈ Xρ, as n → ∞. From (3), it follows that T
n+1x → Ty, as
n→∞ and consequently the uniqueness of the ρ-limit implies that Ty = y.
The approach given in the proof of Theorem 3 may also be seen in [4].
The idea given in the remark above is, in fact, a simple use of uniform space
techniques in fixed point theory (see e.g., [1, 2]).
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